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MODIFIED PERTURBATION THEORY FOR THE YUKAWA MODEL
Yu.M.Poluektov∗
National Science Center “Kharkov Institute of Physics and Technology”,
1, Akademicheskaya St., 61108 Kharkov, Ukraine
A new formulation of perturbation theory for a description of the Dirac and scalar fields (the
Yukawa model) is suggested. As the main approximation the self-consistent field model is chosen,
which allows in a certain degree to account for the effects caused by the interaction of fields. Such
choice of the main approximation leads to a normally ordered form of the interaction Hamiltonian.
Generation of the fermion mass due to the interaction with exchange of the scalar boson is investi-
gated. It is demonstrated that, for zero bare mass, the fermion can acquire mass only if the coupling
constant exceeds the critical value determined by the boson mass. In this connection, the problem
of the neutrino mass is discussed.
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1. The theory of interacting Dirac and scalar fields was
suggested by Yukawa for a description of the interaction
of nucleons and pions [1]. In modern particle theory, the
standard model contains the term with the Yukawa in-
teraction which relates the Higgs scalar field to quarks
and leptons, so that the majority of free parameters of
the standard model are the Yukawa coupling constants
[2]. The Yukawa theory can also be used as a simplified
model of quantum electrodynamics. However, since mas-
sive scalar bosons rather than massless vector bosons are
examined, this model contains no difficulties which arise
in the process of electromagnetic field quantization [3].
In the present work, a modified perturbation theory for
the Yukawa model is suggested, which is based on choos-
ing the self-consistent field model as the main approxima-
tion. For nonrelativistic many-particle Fermi and Bose
systems, an analogous approach was developed in works
[4, 5]. In [6], the idea of this approach was realized on
the example of the quantum-mechanical problem of the
anharmonic oscillator.
The Lagrange density function for the Yukawa model
has three terms
L = LD + LS + LI , (1)
where
LD = −
(
ψγµ∂µψ +mψψ
)
(2)
is the Dirac field Lagrangian,
LS = −1
2
[
(∂µφ)
2 + κ20φ
2
]
(3)
is the scalar field Lagrangian, and
LI = −gφψψ (4)
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is the interaction Lagrangian of the scalar and Dirac fields
φ and ψ. Here m and κ0 are the bare masses of the
Dirac and scalar fields, g is the dimensionless coupling
constant, ∂µ = ∂/∂xµ, xµ ≡ (x, x0), and γµ are the
Dirac matrices. The metric ab = ab − a0b0 and the
system of units ~ = c = 1 are used. Field operators
entering into the initial Lagrangian (1) are written down
in the Heisenberg representation and obey the standard
commutation conditions at coinciding times.
2. The Yukawa model, like the majority of field theo-
ries, can be studied within the framework of perturbation
theory. As a rule, the free field Lagrangian L0 = LD+LS
is used as the main approximation, and the interaction
(4) is considered as a perturbation. The validity of this
approach is substantiated the more rigorously the smaller
is the coupling constant. Meanwhile, in the models with
the Yukawa interaction, this interaction can be strong
so that the perturbation theory in its conventional form
proves to be, strictly speaking, inapplicable. However, a
“natural” decomposition of the Lagrangian into the main
part and the perturbation is not unique and necessary.
Indeed, instead of some decomposition L = L1 + L2,
we can use as a basis another one L = L′1 + L
′
2, where
L′1 = L1 + ∆L, L
′
2 = L2 − ∆L, and ∆L is some op-
erator addition. By fixing the way of constructing the
Lagrangian which describes the one-particle states, we
thereby in fact define the notion of “noninteracting par-
ticle” within the framework of the nonlinear theory.
We now consider the influence of the perturbation (4)
on the free Dirac and scalar fields. The structure of the
perturbation (4) is such that it has the form of the mass
term (with the operator coefficient) involved in the La-
grangian LD. Therefore, we can assume that this inter-
action will lead to a change in the particle mass described
by the field ψ. To consider this effect, we introduce the
Lagrangian
L′D = −
(
ψγµ∂µψ +Mψψ
)
, (5)
whereM is the mass different from the bare particle mass
m of the Lagrangian (2). We note also that the interac-
2tion (4) is linear in the scalar field and thus breaks the
symmetry of the Lagrangian LS with respect to a change
in the scalar field sign: φ→ −φ. To consider this effect,
we introduce the Lagrangian
L′S = −
1
2
[
(∂µφ)
2 + κ2φ2
]− bφ, (6)
where b is a real coefficient. The mass κ has been intro-
duced instead of κ0 in Eq. (6), assuming for generality
that the interaction can change the scalar particle mass
as well. However, as shown below, the structure of the
interaction (4) is such that this change does not actu-
ally occur. Thus, the Lagrangians (5) and (6) consider
to a certain degree the effects caused by the interaction
of fields. As the main approximation, we choose the La-
grangian which is a sum of the Lagrangians (5) and (7):
L0 = −
(
ψγµ∂µψ +Mψψ
)− 1
2
[
(∂µφ)
2+κ2φ2
]−bφ−V,
(7)
where V is the c -number constant which is important for
constructing the perturbation theory in this approach.
With this choice of the main approximation, the pertur-
bation Lagrangian is evidently LC = L− L0, so that
LC = −gφψψ + (M −m)ψψ − 1
2
(
κ20 − κ2
)
φ2 + bφ+V.
(8)
Thus, total Lagrangian (1) is a sum of terms L = L0+LC .
In fact, the expression ∆L = −Mψψ − κ2φ2/2− bφ− V
has been added and subtracted, so that the total La-
grangian (1) remained unchanged, and thus until now no
approximations have been used. Now arbitrary param-
eters M,κ, b and V have appeared in the Lagrangian,
which have to be found from additional considerations.
The total Hamiltonian H = H0 + HC can be repre-
sented similarly:
H0 =
∫
dx
[
1
2
pi2 +
1
2
(∇φ)2 + 1
2
κ2φ2 + bφ +
+ ψ(γ∇)ψ +Mψψ + V
]
,
(9)
HC =
∫
dx
[
gφψψ − bφ+ 1
2
(
κ20 − κ2
)
φ2+
+(m−M)ψψ − V
]
.
(10)
Since the total Hamiltonian is expressed in the same
way both through Heisenberg and Schro¨dinger operators,
then H0 and HC in Eqs. (9) and (10) can also be ex-
pressed through field operators in these representations.
3. Let us consider in more detail the main approxima-
tion determined by Hamiltonian (9), expressed through
the Schro¨dinger operators. This approximation describes
“noninteracting” particles in our understanding. We now
determine the operators in the interaction representation:
φˆ(x, t) = eiH0tφˆ(x, 0)e−iH0t,
pˆi(x, t) = eiH0tpˆi(x, 0)e−iH0t,
ψˆ(x, t) = eiH0tψˆ(x, 0)e−iH0t.
(11)
The simultaneous commutation relationships for op-
erators (11) have the same form as for the Heisenberg
operators. Obviously, H0 is expressed through operators
(11) in the same way as through the Schro¨dinger opera-
tors. In the following it is convenient to proceed to a new
“shifted” scalar field ϕ by representing the initial field in
the form φ = ϕ+χ, where χ is the c -number. This sub-
stitution allows us to eliminate the term linear in field φ
from the Hamiltonian (9) by the proper choice of χ. As
a result, the Hamiltonian of the main approximation in
the interaction representation assumes the form
Hˆ0 =
∫
dx
[
1
2
pˆi2 +
1
2
(∇ϕˆ)2 + 1
2
κ2ϕˆ2 +
+ ψˆ(γ∇)ψˆ +Mψˆψˆ + 1
2
κ2χ2 + bχ+ V
]
.
(12)
The condition
b+ κ2χ = 0 (13)
must be fulfilled that provides the elimination of the lin-
ear in the field φ term in Eq. (12). If |0〉 is the vacuum
state vector of the system described by the Hamiltonian
(12), then since only terms quadratic in the field ϕˆ enter
into Eq. (12), the field averaged over the vacuum state is
equal to zero:
〈
ϕˆ
〉
0
≡ 〈0|ϕˆ|0〉 = 0. From here it follows
that the parameter χ has the meaning of the vacuum av-
erage of the initial scalar field: χ =
〈
φˆ
〉
0
. The relations
〈
φˆ 2
〉
0
=
〈
ϕˆ2
〉
0
+ χ2,
〈
φˆ ψˆψˆ
〉
0
= χ
〈
ψˆψˆ
〉
0
. (14)
can also be established easily.
Until now the parametersM,κ, b and V were not in any
way fixed. A method for determining these parameters
should be specified. Having indicated this method, we in
fact determine the method of constructing one-particle
states within the framework of our approach. The more
successful the choice of these parameters, the more effi-
cient the perturbation theory will prove to be. Let us
postulate that parameters M,κ, b and V are determined
from the requirement that the approximating Hamilto-
nian H0 is most close in a certain sense to the exact
Hamiltonian of the system under study. For this we re-
quire that the vacuum average of the difference between
the exact and approximating Hamiltonians, that equals
to the vacuum average of the interaction Hamiltonian
I ≡ 〈HC〉0, is minimal. Thus, to determine the unknown
parameters we use the following conditions:
∂I
∂
〈
φˆ
〉
0
= 0,
∂I
∂
〈
φˆ 2
〉
0
= 0,
∂I
∂
〈
ψˆψˆ
〉
0
= 0. (15)
3Moreover, we require that the average over the vacuum
state of the interaction Lagrangian be equal to zero:
〈0|HC |0〉 = 0. The last requirement is caused by the fact
that, since HC describes the particle interaction, then,
naturally, the energy of this interaction in the vacuum
state must be equal to zero. The account for the non-
operator term V provides the fulfillment of this condition.
The listed requirements lead to the following relations
b = g
〈
ψˆψˆ
〉
0
, κ0 = κ,
M = m+ g
〈
φˆ
〉
0
, V = −(M −m)〈ψˆψˆ〉
0
.
(16)
As we see, the interaction of the form (4), as it was ex-
pected, does not lead to a change in the scalar particle
mass. Note that this circumstance is caused by the struc-
ture of the interaction (4). If the interaction of fields
had, for example, the form −gφ2ψψ, or the scalar field
Lagrangian comprised the self-action of the form φ4, the
scalar particle mass would differ from the bare mass κ0.
From the first formula of (16), accounting for (13), we
derive
κ2χ+ g
〈
ψˆψˆ
〉
0
= 0. (17)
Considering Eq. (17), from (16) we obtain the relation
M = m− (g2/κ2)〈ψˆψˆ〉
0
. (18)
4. The field operator in the interaction representation,
the same as for free particles, can be represented as a
Fourier integral
ψˆ(x) = (2pi)−3/2
∑
r=±1
∫
dp
(
M
/
p0
)1/2×
×
[
ur(p)cr(p)e
ipx + ur(−p)d+r (p)e−ipx
]
,
(19)
where cr(p) and d
+
r (p) are the operators of annihilation
of particles and creation of antiparticles with helicity r,
p0 =
√
M2 + p2, and p = (p, p0). Using the representa-
tion (19), we derive the vacuum average
〈
ψˆ(x)ψˆ(x)
〉
0
= − M
4pi3
∫
dp√
M2 + p2
=
= lim
ε→+0
iM
4pi4
∫
dp
p2 +M2 − iε .
(20)
As is known [7], the integral in Eq. (20) diverges at large
momenta. As a consequence, there appears a need to
introduce the cutoff parameter Λ. The cutoff parame-
ter have been introduced in early works [7, 8] where the
methods of superconductivity theory were for the first
time used to construct models of elementary particles.
Note that we have to cut off the integral at large momenta
also in the self-consistency equation in the superconduc-
tivity theory. Here, however, natural characteristic scales
are present – the average interparticle distance and the
radius of action of the interparticle potential. Let us in-
troduce the cutoff parameter in a relativistically invariant
way. When calculating the integral in (20), the Wick ro-
tation of the integration contour is performed and the
substitution p0 = ip4 is used [2]. As a result, we obtain
〈
ψˆ(x)ψˆ(x)
〉
0
= −(2MΛ2/pi2)f(M˜2), (21)
where M˜2 =M2
/
Λ2. The function
f
(
M˜2
)
= 1− M˜2 ln(1 + M˜−2) (22)
is equal to unity for M˜2 = 0 and monotonically decreases
approaching zero for M˜2 →∞. Substituting the expres-
sion for the vacuum average (21) into (18), we obtain
the self-consistency equation that determines the fermion
mass:
1− m˜/M˜ = Gf(M˜2), (23)
where G = 2g2
/
pi2κ˜2, m˜ = m/Λ, κ˜ = κ/Λ. As we
see, the fermion mass is independent of the sign of the
Yukawa coupling constant and is determined also by the
scalar particle mass. It is convenient to analyze Eq. (23)
graphically (Fig. 1). The solution is the coordinate of
the intersection point of the curves y1(M˜) = 1 − m˜
/
M˜
and y2(M˜) = Gf
(
M˜2
)
. For nonzero bare mass m 6= 0,
Eq. (23) has a solution at an arbitrary value of the cou-
pling constant. For G≪ 1, a small addition to the bare
mass arises: M˜ ≈ m˜ + ∆M˜ , where ∆M˜ = Gm˜f(m˜2).
In the opposite case G ≫ 1, we have M˜2 ≈ G/2. The
fermion mass decreases with increasing the boson mass
and for large κ˜ tends to its bare mass, whereas for small
κ˜ the fermion mass increases inversely proportional to κ˜
(curve 1 in Fig. 2). For a fixed boson mass, the fermion
mass increases monotonically with increasing the cou-
pling constant (curve 1 in Fig. 3).
Figure 1: Graphic solution of Eq. (23).
4Figure 2: Dependence of the fermion mass on the scalar par-
ticle mass.
5. The case of zero bare mass of fermions should be
examined separately. In this case, the equation deter-
mining the fermion mass assumes the form
M
(
1−Gf(M˜2)) = 0, (24)
so that the solution M = 0 always exists. For G < 1,
this solution is unique. Thus, if m = 0, then provided
g2 < pi2κ˜2/2 the fermion mass cannot arise as a result of
the interaction. For G > 1, in addition to the solution
M = 0, Eq. (24) has the solution with M˜ 6= 0 determined
by the equation
G−1 = f
(
M˜2
)
. (25)
Dependence of the fermion mass on κ˜ for m = 0 is shown
in Fig. 2 (curve 2). The mass M˜ decreases with increas-
ing the scalar particle mass and vanishes for κ˜ =
√
2 g/pi.
For large values of κ˜, the unique solution M = 0 exists.
To find out which from two solutions existing at small κ˜
corresponds to the stable state, we have to calculate the
vacuum energy in both states. Obviously, the state with
smaller ground-state energy will be stable. It should be
stressed that the considered mechanism of mass genera-
tion for particles interacting with the scalar field differs
from the mechanism caused by spontaneous symmetry
breaking [2].
6. With account of the expansion (19) and the similar
expansion of the scalar field into a Fourier integral
ϕˆ(x) = (2pi)−3/2
∫
dq(2q0)
−1/2
[
a(q)eiqx + a+(q)e−iqx
]
,
(26)
where a+(q) and a(q) are the operators of creation and
annihilation of the scalar particles, q0 =
√
κ2 + q2, the
Hamiltonian (12) can be written in the form
H0 =
∑
r=±1
∫
dp p0
[
c+r (p)cr(p) + d
+
r (p)dr(p)
]
+
+
∫
dq q0a
+(q)a(q) + CM + Cκ + V κ
2χ2
/
2,
(27)
Figure 3: Dependence of the fermion mass on the squared
coupling constant.
where
CM = −2
∫
dpdp′ p0 δ(p− p′)δ(p− p′),
Cκ = (1/2)
∫
dqdq′ q0 δ(q− q′)δ(q − q′).
(28)
A non-operator part of the Hamiltonian (27) determines
the ground state (vacuum) energy: EV = CM + Cκ +
V κ2χ2
/
2. The first two terms in EV appeared due to
transition to the normal ordering of operators in H0, and
the third term is caused by the interaction effects. The
constants CM , Cκ are obviously infinite. Since the cutoff
at large momenta was introduced above, they can be cal-
culated by means of regularization of the integral by the
same way as in calculation of the integral in the vacuum
average in Eq. (20). Considering that δ(0) = V
/
(2pi)3,
the constant Cκ can be represented in the form
Cκ =
V
2(2pi)3
∫
dq
√
q2 + κ2 =
V Jκ
2(2pi)3
, (29)
where Jκ ≡
∫
dq
√
q2 + κ2. Having differentiated Jκ with
respect to κ2, we arrive at the integral (22) obtained
above so that
dJκ
dκ2
=
1
2
∫
dq√
q2 + κ2
= 4piΛ2
[
1−κ˜2 ln(1 +κ˜−2)].
Having integrated this relation, we obtain
Cκ =V ε0
[−κ˜4 ln(1 +κ˜−2)+ ln(1 +κ˜2)+κ˜2 + c′κ], (30)
where c′κ is an integration constant independent of the
system parameters, which can be set equal to zero. In
this case the constant Cκ is always positive for κ˜
2 > 0
and increases monotonically from zero with increasing
κ˜2. The constant CM can be calculated similarly, which,
according to (28), has the opposite to Cκ sign. Finally,
the vacuum state energy can be represented in the form
EV
/
V ε0 = κ˜
2f
(
κ˜2
)
+ ln
(
1 +κ˜2
)−
− 4[M˜2f(M˜2)+ ln(1 + M˜2)]+ 8M˜(M˜ − m˜)f(M˜2).
(31)
5Figure 4: Dependence of the vacuum energy density on the
squared boson mass.
Here the function f(x) is determined by the formula (22)
and ε0 = Λ
4
/
8pi2. Formula (31) together with formula
(23) determines the vacuum energy density as a function
of the dimensionless parameters m˜, κ˜, g2. As is seen, in
the case m 6= 0 (curve 1 in Fig. 4) and for small κ˜2 the
vacuum energy is negative and increases with increasing
the boson mass. At a certain valueκ˜0 this energy vanishes
and becomes positive for κ˜ > κ˜0, continuing its increase
with increasing κ˜. In the case of zero bare mass m = 0
(curve 2 in Fig. 4) and for κ˜2 > 2g2/pi2 the fermion
mass is equal to zero and the vacuum energy is positive
and increases with increasing κ˜. For κ˜2 < 2g2/pi2, two
solutions exist. One of them (curve 2a in Fig. 4) cor-
responds to the fermion with zero mass, and the second
solution (curve 2b in Fig. 4) corresponds to the fermion
with a finite mass. The stable solution (corresponding to
the minimum of the vacuum energy density) is that with
the nonzero fermion mass. Thus, for a sufficiently large
boson mass, in the case of zero bare mass the fermions
remain massless.
Let us consider the dependence of the vacuum energy
density on the coupling constant. For m 6= 0 (curve 1
in Fig. 5), the vacuum energy decreases monotonically
with increasing the coupling constant. In the case m = 0
(curve 2 in Fig. 5) and for g2 < pi2κ˜2/2, when the fermion
mass is equal to zero (M = 0), the vacuum energy is in-
dependent of the coupling constant. For g2 > pi2κ˜2/2,
apart from the state with M = 0 (curve 2a in Fig. 5),
the state with nonzero fermion mass and smaller vacuum
energy density appears (curve 2b in Fig. 5). Thus, gener-
ation of the fermion mass due to the interaction with the
boson exchange is possible only if the coupling constant
exceeds a certain critical value determined by the boson
mass. At a small coupling constant and zero bare mass,
the fermions remain massless.
We note that in quantum field theory, the infinite vac-
uum energy caused by zero oscillations is, as a rule, ex-
cluded from consideration. In our approach to the con-
struction of the perturbation theory, when the interaction
in the self-consistent field approximation is accounted
Figure 5: Dependence of the vacuum energy density on the
squared coupling constant.
for already at the stage of constructing the one-particle
states and the equation for the mass of particles can have
several solutions, calculation of the vacuum energy be-
comes necessary to have a possibility of choosing a stable
solution. The second reason for calculation of the vac-
uum energy is its possible influence on the gravitational
effects. Recently, this problem became especially urgent
in connection with the problem of dark energy in cosmol-
ogy [9].
7. With account of the derived relations (16) and (17),
the interaction Hamiltonian (10) assumes the form of the
normally ordered product
HˆC = g
∫
dx ϕˆ(x)N
[
ψˆ(x)ψˆ(x)
]
, (32)
where the normally ordered product of the field op-
erators at one point can be presented in the form
N
[
ψˆ(x)ψˆ(x)
]
= ψˆ(x)ψˆ(x) −
〈
ψˆ(x)ψˆ(x)
〉
0
. The per-
turbation theory with interaction (32) is constructed in
the standard way. The boson propagator has the form
GB(q) = (−i)
(
q2+κ2−iε)−1 and the fermion propagator
has the form GD(p) = i
(
pµγµ −M
)/(
p2 +M2 − ε).The
factor −ig corresponds to the vertex. It is important
to stress that in the proposed formulation of perturba-
tion theory the fermion mass is not an independent pa-
rameter, but determined by the intrinsic bare mass and
also by the boson mass and the coupling constant (rela-
tions (23)− (25)). In this approach, it is also important
that the normally ordered form of presentation of the La-
grange function is not assumed from the beginning [10],
since the latter means that the vacuum energy density is
initially chosen to be zero. The choice of the main ap-
proximation in the proposed approach, that is based on
the self-consistent field model, allows to naturally arrive
at the normal form of the interaction Hamiltonian (32),
not assuming that a priory, and gives a possibility to
calculate the vacuum energy (using, certainly, the cutoff
parameter Λ).
68. In conclusion, relying on the results of sections 5
and 6, we discuss the problem of the neutrino mass. It is
considered [11] that, from purely theoretical viewpoint,
there are no any grounds to consider the neutrino masses
equal to zero. There is a widespread belief that a strict
local symmetry is necessary in order for a massless par-
ticle to exist, and since such symmetry is absent in the
case of neutrino then zero mass must not exist.
Let us assume that the Dirac field with zero bare mass,
considered above, describes neutrino (neutrino types and
other details of description of the neutrino field are unim-
portant in this case). As is well known, the carrier of
the weak interaction is the vector boson [2]. We can
assume, however, that change of the vector boson for
the scalar one will not influence considerably on further
conclusions. Then, as follows from the results of sec-
tion 5, in order for neutrino to acquire mass the condi-
tion g2 > pi2κ2
/
2Λ2 between the boson mass and the
coupling constant must be fulfilled. The dimensionless
constant for the case of the weak interaction g2 ≈ 0.4
can be obtained from the relation [2] g2/8m2W = G
/√
2,
where mW ≈ 80GeV is the boson mass, G ≈ 10−5
/
m2p
is the Fermi weak coupling constant, mp ≈ 0.938GeV is
the proton mass. To estimate the parameter Λ, let us
calculate its value for the case when the equality holds
g2k = pi
2κ2
/
2Λ2, setting κ = mW . It gives Λ ≈ 280GeV.
This value is close to the electroweak energy scale, es-
timated to be in the limits ΛEW ≈ 300GeV − 1TeV
[9]. From this estimate we can conclude that the di-
mensionless constant of the weak interaction is close to
its critical value. Experimental estimates of the electron
neutrino mass give Mνe < 35 eV [11]. In dimensionless
units this means that M˜νe < 1.3 ·10−10. If such small
value of the neutrino mass is caused by the weak inter-
action, then the squared dimensionless weak interaction
constant exceeds the critical value by a very small quan-
tity
(
g2− g2k
)/
g2k ≈ 7.7·10−19. This possibility seems ex-
tremely improbable. It should also be noted that, if the
squared dimensionless constant differed from the critical
value only by one percent, then the neutrino mass gen-
erated by the weak interaction would be about 11GeV.
Such a large mass is caused by the large value of the elec-
troweak energy scale. It seems more natural to assume
that the weak coupling constant is less than the criti-
cal value (most likely not much) and the strength of the
interaction is insufficient for generation of the neutrino
mass. Thus, the reason of possible zero neutrino mass is
not of symmetric but rather of dynamic character.
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